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1 Introduction 

For any positive integers g and h, we consider the Heisenberg group 
H^ h) := | (A, fM,K)\\,fME R {h ' 9 \ k E R {h ' h) , K + fi*\ symmetric } . 
Recall that the multiplication law is 

(A, n, k) o (A', //, k) := (A + A', \i + //, k + k' + A fjf — [i t X'). 

Here R^) ( resp. R( ' denotes the set of all h x g (resp. h x h) real matrices. 

The Heisenberg group H^ ,h ' is embedded to the symplectic group Sp(g + h, M.] 
via the mapping 



H<*>* 3 (A, ^ «) 



/£ s V \ 

\ E h n k 

E g -*A 

V E h / 



G 5p(t/ + /i,R). 



This Heisenberg group is a 2-step nilpotent Lie group and is important in the study 
of toroidal compactifications of Siegel moduli spaces. In fact, i?^ ' is obtained as 
the unipotent radical of the parabolic subgroup of Sp(g + h, R) associated with the 
rational boundary component F g ( cf. [F-C] p. 123 or [N] p. 21 ). For the motivation 
of the study of this Heisenberg group we refer to [Y4]-[Y8] and [Z]. We refer to 
[Y1]-[Y3] for more results on H^' h \ 
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In [C], P. Cartier stated without proof that for h = 1, the lattice representation 
of H^' 1 ^ associated to the lattice L is unitarily equivalent to the direct sum of 
[L* : L]? copies of the Schrodinger representation of H^' 1 ' , where L* is the dual 
lattice of L with respect to a certain nondegenerate alternating bilinear form. R. 
Berndt proved that the above fact for the case h = 1 in his lecture notes [B]. In 
this paper, we give a complete proof of Cartier's theorem for H^' h \ 

Main Theorem. Let M. be a positive definite, symmetric half-integral matrix 
of degree h and L be a self-dual lattice in C^' 5 * 1 . Then the lattice representation 
7r_A4 of H^' h ^ associated with L and M. is unitarily equivalent to the direct sum 

of ( det 2M. ) g copies of the Schrodinger representation of H^ ,h \ For more details, 
we refer to Section 3. 

The paper is organized as follows. In Section 2, we review the Schrodinger 
representations of the Heisenberg group H^' h) . In Section 3, we prove the main 
theorem. In the final section, we provide a relation between lattice representations 
and theta functions. 

Acknowledgement. This work was in part done during my stay at the Max- 
Planck-Institut fiir Mathematik in Bonn. I am very grateful to the institute for 
hospitality and financial support. I also would like to give my hearty thanks to 
the Department of Mathematics at Harvard University for its hospitality during 
my short stay in Cambridge. 

Notations: We denote by Z, R and C the ring of integers, the field of real 
numbers, and the field of complex numbers respectively. The symbol C* denotes 
the multiplicative group consisting of all complex numbers z with \z\ = 1, and the 
symbol Sp(g, M) the symplectic group of degree g, H g the Siegel upper half plane 
of degree g. The symbol ":=" means that the expression on the right hand side is 
the definition of that on the left. We denote by Z + the set of all positive integers, 
by F^ k ^ the set of all k x / matrices with entries in a commutative ring F. For any 
M G F^ k ' l \ *M denotes the transpose matrix of M. For A e F^ k ^ k \ a(A) denotes 
the trace of A. For A G F^ k ^ and B G F {k > k \ we set B[A] = l ABA. We denote 
the identity matrix of degree k by E^- For a positive integer n, Symm (n, if) 
denotes the vector space consisting of all symmetric nx n matrices with entries in 
a field K. 

2 Schrodinger Representations 
First of all, we observe that H^ ,h ^ is a 2-step nilpotent Lie group. It is easy 
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to see that the inverse of an element (A, h, k) G H^ ,h ' is given by 

(A, h, = (—A, —fi, —k + A */z — fj, t X). 

Now we set 

(2.1) [A, 11, k] := (0, ii, k) o (A, 0, 0) = (A, ii, k - ii *A). 

Then H^' h) may be regarded as a group equipped with the following multiplication 

(2.2) [A, ii, k] o [A , no, k ] := [A + A , fi + Ho, k + k + A % + A*o %• 
The inverse of [A, h, k] G H^ ,h ^ is given by 

[A,/x,k] _1 = [-A, -ii, -k + \ t n + 11%. 

We set 



(2.3) K:= {[0,/i,K] eH } 



(g,h) 



Then if is a commutative normal subgroup of H^' h \ Let K be the Pontrajagin 
dual of K, i.e., the commutative group consisting of all unitary characters of K. 
Then K is isomorphic to the additive group M> h > g ) x Symm (h, M) via 

(2.4) < a, a >:= e 27Tia{fl ^ +kn) , a = [0, /jl, k] G K, a = (ft, k) G K. 
We put 

(2.5) S := | [A, 0, 0] G H^ h) | A G R {h > 9) } R {h > 9 \ 
Then S acts on K as follows: 

(2.6) a x ([0,ii,K}) :=[0,ii,k + X t ii + ^X], [X,0,0]eS. 

It is easy to see that the Heisenberg group ^H^ ,h \o^j is isomorphic to the semi- 
direct product S x K of £ and if whose multiplication is given by 

(A, a) • (A , a ) := (A + A , a + a x (a )), X, A G S 1 , a, a G if. 

On the other hand, S acts on K by 

(2.7) c^(a) := (fi + 2kX,k), [A,0,0]eS, a=(fi,k)eK. 

Then, we have the relation < a\(a), a >=< a, a* x (a) > for all a G K and a G K. 
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We have two types of S'-orbits in K. 

Type I. Let k G Symm (/i, M) with k ^ 0. The S-orbit of a(k) := (0, k) G K is 
given by 

(2.8) 6 k := { (2kX, k)eK A G R {h ' 9) } 

Type II. Let y G R^ 9 \ The S-orbit 6 y of a(y) := (y, 0) is given by 

(2.9) O y :={(y,0)} = a(y)- 
We have 

*=( U «*W U 

\K6Symm(/i,R) / \ y eR( h '^ 

as a set. The stabilizer S k of £ at a(k) = (0, k) is given by 

(2.10) S k = {0}. 

And the stabilizer S y of 5" at a(y) = (y, 0) is given by 

(2.11) 5 fi = {[A,0,0] AeR^}=5 = lH 

Prom now on, we set G := H^ ,h ^ for brevity. It is known that K is a closed, 
commutative normal subgroup of G. Since (A, fx, k) = (0, /j,, k + /i *A) o (A, 0, 0) for 
(A, /U, k) G G, the homogeneous space X := K\G can be identified with ]R^' 5 ^ via 

Kg = Ko(\,Q,Q)< — > X, g= (X,h,k) eG. 

We observe that G acts on X by 

(2.12) (Kg) ■ g := K (A + A , 0, 0) = A + A , 

where g = (A, fx, k) G G and go = (Ao, ^o, ^o) £ C. 
If g = (A, /U, k) G G, we have 

(2.13) k g = (0,//,k + //*A), s 9 = (A,0,0) 

in the Mackey decomposition of g = k g os g ( cf. [M] ). Thus if go = (Ao, ^o, ^o) £ G, 
then we have 

(2.14) Sg og = (A, 0, 0) o (A , a*o, «o) = (A + A , a*o, «o + A Vo) 



LATTICE REPRESENTATIONS OF HEISENBERG GROUPS 



5 



and so 

(2.15) k SgOg0 = (0, fMo, kq + ti % + A Vo + A*o*A). 

For a real symmetric matrix c = t c G IR^' 71 ) with c ^ 0, we consider the 
one-dimensional unitary representation a c of K defined by 

(2.16) a c ((0, fi, «)) := e 2 ™^ 7, (0, //, K ) G K, 

where I denotes the identity mapping. Then the induced representation U(a c ) := 
Ind^ a c of G induced from a c is realized in the Hilbert space H ac = L 2 (X, dg, C) = 
L 2 (R( h >9\d£) as follows. If g = (A ,/i ,«o) e G and x = Kg e X with 
g = (A, fj,, k) G 67, we have 

(2.17) (U go (a c )f)(x) = cr c (k Sg0go )(f(xgo)), f eU ac . 
It follows from (2.15) that 

(2.18) (U go (a c )f) (A) = e 2«a{c(K +Mo t Ao+2AVo)} /(A + Aq )_ 

Here, we identified x = Kg (resp. xgo = Kgg ) with A (resp. A + Ao). The induced 
representation U (a c ) is called the Schrddinger representation of G associated with 
a c . Thus U(o~ c ) is a monomial representation. 

Now, we denote by H a ° the Hilbert space consisting of all functions : G — > C 
which satisfy the following conditions: 

(1) <J)(g) is measurable with respect to dg, 

(2) ((0, n,k)og)) = e 2nia ^(f)(g) for all g G G, 

(3) \\ <f> \\ 2 := J x |^)| 2 ^<oo, $ = 

where dg (resp. dg) is a G-invariant measure on 6? (resp.X = K\G). The inner 
product ( , ) on H a ° is given by 

(01,02) := / 0i (0) Mg)dg for 0i, 2 G 
7g 

We observe that the mapping $ c : 7i ac — > H ac defined by 

(2.19) ($ c (/))(^):=e 2 ^ {c(K+ ^ A)} /(A), / G H„ e , S = (A,m)gG 

is an isomorphism of Hilbert spaces. The inverse \I/ C : H crc — > 7i a of $ c is given 
by 

(2.20) (* c (0)) (A) := 0((A, 0, 0)), G H a % A G R^. 
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The Schrodinger representation U(a c ) of G on 7i°" c is given by 

(2.21) (U go (* c )<t>) (g) = e 2 ™^+»° tXo+x Vo " A » *"» ((A , 0, 0) o </) , 

where go = (Xo, fj,o, ko), <7 = (A, /i, k) € G and G Ti ^. (2.21) can be expressed 
as follows. 

(2.22) ( U go {a c )(f> ) (g) = e ^M-o+^ *a+2A Vo)} 0(( Aq + A, 0, 0)). 

Theorem 2.1. Let c be a positive symmetric half-integral matrix of degree /i. 
Then the Schrodinger representation U(a c ) of G is irreducible. 

Proof. The proof can be found in [Yl], theorem 3. □ 



3 Proof of the Main Theorem 

Let L := Z^ h ^ x Z^^ be the lattice in the vector space V = C^' ff) . Let B 
be an alternating bilinear form on V such that B{L, L) C Z, that is, Z-valued on 
L x L. The dual of L with respect to £? is defined by 

L% := { v G V | G Z for alU G L } . 

Then L C Lg. If £? is nondegenerate, is also a lattice in V, called the dual lattice 
of L. In case £? is nondegenerate, there exist a Z-basis { £n, £12, • • • , rjn, 7712, • • • , 
ry^g } of L and a set {en, ei2, • • • , e^, 5 } of positive integers such that en |ei2, e-xi^xz-, 
■■■ ,e h ,g-i\e h g for which 

B^ ka , Vlb ) \ = ( e\ 
\B(r] ka ,£, lb ) B(r] ka ,r] lb J \-e 0/' 

where 1 < A;, Z < /i, 1 < a, b < g and e := diag (en, ei2, • • • , ehg) is the diagonal 
matrix of degree hg with entries en, ei2, • • • , ehg- It is well known that [L* B : L] = 
( det e ) 2 = (enei2 • • • e^) 2 (cf. [I] p. 72). The number det e is called the Pfaffian 
of B. 

Now, we consider the following subgroups of G: 
(3.1) T L := I (A, fi, k) G G I (A, ^) G L, k G } 

and 



(3.2) T Lh := { (A, M )6G I (A, n)eL B , R< h - h > } 
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Then both T L and T l * b are normal subgroups of G. We set 

(3.3) Z := | (0, 0, k) £ G | k = 1 k £ Z {h ' h) integral } . 

It is easy to show that 

T Lh = {geG \ g-fg' 1 -?' 1 £ Z for all 7 £ T L } . 

We define 

(3.4) Y L := {^e Hom(r L ,C 1 x ) | ip is trivial on Z } 
and 

(3.5) Y L)S :={<peY L \ <p(k) = e 2 ™( s «) for all k = *k £ } 

for each symmetric real matrix S of degree /i. We observe that, if S is not half- 
integral, then Yl = and so Y^s = 0. It is clear that, if S is symmetric half- 
integral, then Yl,s is not empty. 

Thus we have 

(3.6) Y L = U M Y LjM , 

where M. runs through the set of all symmetric half-integral matrices of degree h. 

Lemma 3.1. Let M. be a symmetric half-integral matrix of degree h with M. ^ 0. 
Then any element cp of Yl,m is of the form <fiM,q- Here y?.M,g is the character of 
defined by 

(3.7) <PM,M «)) : = e 2 ^^^ • for (/, k) £ r L , 

where q : L — > M/2Z = [0, 2) is a function on L satisfying the following condition: 

(3.8) q(lo + h) = q(lo) + q{h) - 2a {M{\ % - ^M)} ( mod 2 ) 
for all /o = (Ao, Ho) £ and l\ = (Ai, /Hi) £ L. 

Proof. (3.8) follows immediately from the fact that tpM,q is a character of T^. It 
is obvious that any element of Yl,m is of the form <fM,q- D 

Lemma 3.2. An element of Yl,o is of the form (pk,i (k,l £ W^ h,9 ' ) ). Here <^fc,/ is 
the character of Tl defined by 

(3.9) Vk,l(l) ■■= e 2nia(ktX+l% \ 7=(A,M,«)er L . 

Proof. It is easy to prove and so we omit the proof. □ 
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Lemma 3.3. Let M. be a nonsingular symmetric half-integral matrix of degree 
h. Let (fiM,qi and <PM,q 2 be the characters of Tl defined by (3.7). The character 
p of defined by (p := (pM,qi ' q2 is an element of Yl,q. 

Proof. It follows from the existence of an element g = (A4~ 1 \, — 1 / u, 0)eG with 
(A, n) e V such that 

¥>A4,«i(7) = Vx,g 2 (f7f _1 ) for all 7 G T L . 

□ 

For a unitary character (^vt^ of Tx, defined by (3.7), we let 

(3.10) 7i M , q ■= bnd^ (fM,q 

be the representation of G induced from <pM,q- Let Ti.M,q be the Hilbert space 
consisting of all measurable functions <p : G — > C satisfying 

(LI) 0(7^) = (pM, Q (l) <t>{g) for all 7 E T L and # e G. 
(L2) W^:=/ riNG |0(s)| 2 ^<oo, g = T L g. 

The induced representation ttm^ is realized in TiM,q as follows: 

(3.11) ^M, g (9o)(f>^j{g) ■= (f>{99o), 90,9 e G, eH M , q - 

The representation 7r>i,g is called the lattice representation of G associated with 
the lattice L. 



Main Theorem. Let M. be a positive definite, symmetric half integral matrix of 
degree h. Let be the character of Tl defined by <Pm((\ I 1 ) K )) := e 27ria ^ M ^ 
for all (A, /Li, k) E T l . Then the lattice representation 

n M := Ind rL (pM 

induced from the character tp^ is unitarily equivalent to the direct sum 

U (a M ) := © Ind£ a^, ( ( det 2M ) ^-copies ) 
of the Schrodinger representation Ind K cr^vi • 
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Proof. We first recall that the induced representation n M is realized in the Hilbert 
space Hm consisting of all measurable functions <j> : G — > C satisfying the condi- 
tions 

(3.13) 0((A O , fJLo, ko) o g) = e ^MM.o) ^ ^ ^ Kq) eVhgeG 
and 

(3.14) 11011^:=/ |^)| 2 ^<oo, g = T L og. 

Jr L \G 

Now, we write 

g = [A , Ho, ko] G T L and g = [A, h, k] G G. 
For <fi G Hm, we have 

(3.15) 4>(go<>g) = 4>([Xo + X, ho + A*, «o + « + X V + A*%])- 
On the other hand, we get 

<K#o o g) = (f>((Xo, ho, K - ho %) ° g) 

_ e 2TTicr{M(K,( ) - f j, %)} 

= e 27Tia{MKo) <f>(g) ( because <t(A^o %) e TL ) 
Thus, putting k' := k,q + Xo 1 h + H %)> w e get 

(3.16) 0([A O + A, ^0 + ^ « + «']) = e 2 ^ M ^ ■ e ~ 4 ^ MX ° cj>([X, //,«]). 
Putting Ao = = in (3.16), we have 

(3.17) 0([A,/x + /x o ,«]) = 0([A, //,«]) tor all Hoe Z (h ' 9) and [X,h,k] EG. 

Therefore if we fix A and k, <j) is periodic in h with respect to the lattice lS h ' 9 > in 
We note that 

0([A, /*,«]) = 0([O, 0, «] o [A, hA) = e 2 ™^ 0([A, /*, 0]) 
for [A, /it, k] G 67. Hence, admits a Fourier expansion in ^ : 

(3.18) 0( [A, //,«]) = e 2 ™^ ^ CAr (A)e 2 ™^^. 
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So we get 



If A e Z( h '9\ then we have 

0([A + A , fi, k}) = e 2 ™ {M ^ CN ( X + A °) V) 

= e -4-^AoV) 0([A ^ ;K]) (by (3.16)) 

_ e -47ria(>lAo V) e 27ria(X«) Cjv(A) e 27riCT(JV * ^ , 

= e^W £ c N (X)e 27Tl ^ N - 2MX ^ t ^. (by (3.18)) 

c N (X + X )e 2 ^ Nt ^ 
= c N (X)e 2 ^ N - 2MX ^ t ^ 
= £ CiV+ 2WA)e 2 -^). 

Hence, we get 

(3.19) CA r(A + A ) = c n+ 2mx (X) for all A G and A G 

Consequently, it is enough to know only the coefficients c a (A) for the represen- 
tatives a in Z^' 3 ) modulo 2M. It is obvious that the number of all such ct's is 
(det2.M) s . We denote by J a complete system of such representatives in TL^ h ^ 
modulo 2M. 

Then, we have 

0([A, //,«]) = e 



27ricr(MK) J . M\ 27ricr{(a+2MA r ) V} 

S 2^ C a+2MM A J e 

+ £ ^ +2MAr (A)e 2 -«^^V} 

N£Z( h >a) 

+ £ c 7+2 ^(A)e 2 ^^ 2 ^)V}|, 



where {«,/?,••• , 7 } denotes the complete system J. 
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For each a G J, we denote by Hm,<x the Hilbert space consisting of Fourier 
expansions 

e C a+2MN{*) e [a, fx, k) G Lr, 

where cn(X) denotes the coefficients of the Fourier expansion (3.18) of </> G Hm 
and 4> runs over the set { <fi G km }• It is easy to see that TLm,ci is invariant under 
7T.M- We denote the restriction of ttm to T~LM,a by 7rx ja . Then we have 

(3-20) 7T.M = (J) 7TM, a . 

Let 4> a G 7r_A4 )Q ,. Then for [A, fx, k] G 67, we get 

(3.21) Q ([A,^,«]) = e 2 -^) c a+2MN (\)e 2 ™^+ 2MN y^. 
We put 

(hxg)-times 

Ix := '[0, 1] x [0, lfx • • • x [0, 1] C | [A, 0,0] | A G R {h ' g) } 

and 

(/ixg)-times 

I„ := [0, 1] x [0, lfx • • • x [0, 1] C {[0,^0]|/i6l^}. 
Then, we obtain 

(3.22) / ^ a ([A,^, K ])e- 2 ^^^ = e 27r ^- MK ) Ca (A), a E J. 
Since T L \G = I\ x 1^, we get 

ll^all^Ma : = H0«lliU< = / \<t>oc{g)\ 2 dg 

Jr L \G 
\(p a (g)\ 2 dXd/j 

2 

dXdfi 



[ £ c a+ WA)e 2 -^+ 2 ^V} 



/ E |Ca+2M7v(A)| 2 <iA 

^ N£Z (h, g ) 

/ E |c a (A + iV)| 2 rfA (by (3.19)) 

"^A N£Z (h,g) 



[ MX)f 



dX. 
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Since Q G ttm,o.i ||0 a ||7r,M,a < and so c Q (A) G L 2 (M.( h ' 9 \d£) for all a G J. 
For each a G J, we define the mapping $.M ja on L 2 (RC^df) by 

(3.23) (0 M a/)([A,f*,K]) : =e 2 ™^) £ /(A + AT) e w{(«+2A<Ar) V}, 
where / G L 2 (R( h >»), df) and [A, //, k] G G. 

Lemma 3.4. For each a £ J, the image of L 2 under tf M , Q is con- 

tained in Ti-M,a- Moreover, the mapping ^x )Q , is a one-to-one unitary operator of 
I? (M^' 3 ), d£) onto H.M,a preserving the norms. In other words, the mapping 



is an isometry. 



Proof. We already showed that #.M,a preserves the norms. First, we observe that 
if (A , (Mo, k ) G T L and g = [A, /i, k] G G, 

(A , A*o, «o) ° = [Ao, A»o, + A»o %] ° [A, K ] 

= [A + A, + A*, k + k + + A V + /"%]• 

Thus we get 

C#M,a/)((Ao,/io,«o) °fiO 

_ e 27riCT{X(K+K +Mo *Ao+A V+A« %)} ^ _j_ ^ Q _j_ JV) e 27ri {( Q + 2 - A/1Ar ) *(Mo+m)} 

N£Z( h <a) 

_ e 27rio-(Xfvo) . g27ricr(AlK) . e 27rio-(a Vo) _j_ jy) e 2 7 ricr{(a+2A4A r ) V} 



e 27ricr(A / (Ko) 



Here, in the above equalities we used the facts that 2a(MN t /j ) G Z and a*/io G 
Z. It is easy to show that 

/ \*M, a m\ 2 dg= [ |/(A)| 2 rfA=||/|| 2 <oo. 
Jr L \G JR( h <9) 

This completes the proof of Lemma 3.4. 
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Finally, it is easy to show that for each a G J, the mapping "&M,a inter- 
twines the Schrodinger representation {U(<Jm)i L 2 (MS h > 9 \ and the represen- 
tation (7r_A4 )Q; , Ti.M,a)- Therefore, by Lemma 3.4, for each a G J , ^M,a is unitarily 
equivalent to U{&m) and so km, a. is an irreducible unitary representation of G. 
According to (3.20), the induced representation ttm is unitarily equivalent to 

[/((tm) ( ( det 2M ) ^-copies ) . 
This completes the proof of the Main Theorem. □ 

4 Relation of Lattice Representations to Theta Functions 

In this section, we state the connection between lattice representations and theta 
functions. As before, we write V = R^ h ' g) x R^>») 2* C^ h ' 9 \ L = T^ h ^ x Z^ h ^ 
and M. is a positive symmetric half-integral matrix of degree h. The function 
q M : L — ► R/2Z = [0, 2) defined by 

(4.1) q M ((Z,r J )):=2a(Mt; t v), (Z,v) e L 

satisfies Condition (3.8). We let fM,q M '■ Tl — ► be the character of Tl 
defined by 

^aW(U)) = e^^e'^W, (/,«) e r L . 

We denote by H,M,q M the Hilbert space consisting of measurable functions : 
G — > C which satisfy Condition (4.2) and Condition (4.3): 

(4.2) (f>((l, K)og) = ip M ^ qM ((/, k)) 4>{g) for all (/, k) G T L and g £ G. 

(4.3) / ||^)|| 2 ^<oo, ^ = r L o^. 

Jr L \G 

Then the lattice representation 

^M,q M ■= Ind^ 
of G induced from the character <fM,q M ^ s realized in Ti.M,q M as 

(nM,q M (9o) (g) = 4(99o) > 9o,g&G, 4>eH M , qM - 

Let Hyvf^^ be the vector space consisting of measurable functions F : V — > C 
satisfying Conditions (4.4) and (4.5). 

(4.4) F(X + + = e 2nia t M te tr i +xtr >-i tt M F(A, n) 
for all (A, n) G V and (£, 7/) G L. 

(4.5) I \\F(v)\\ 2 dv = [ \\F(\,/j)fd\diJ < 00. 

Jl\V Jlxxl„ 

Given G Ti.M,q M an< ^ a nxe d element O G H g , we put 
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(4.6) E^X, fx) := 0((A, //, 0)), A, n G R< h «\ 

(4.7) F*(A,//):= 0([A,//,O]), A^gRM 

(4.8) F n ^(A,//) := e-^^^i^A,^), A^el^. 
In addition, we put for VP = AO + fx G C (/l ' ff) , 

(4.9) ■= + ■■= F nA\ 

We observe that E^, and i*h,</> are functions defined on V and fia^ is a 
function defined on C^ h,9 \ 

Proposition 4.1. If G V-m^mi (£iV) e ^ an d (A, /i) G V, then we have the 
formulas 

(4.10) E^X + ^fx + rf) = e^i'lM&v+^v-vH)} E^fx). 

(4.11) F^X + ^fx + r,) = e-^^^^F^fx). 

(4.12) FnAX + tv + v) = e- M ^ M ^ +2 ^ +2 ^F n ^X t fM). 
If W = AO + 77 G C< h >»>, then we have 

(4.13) 0n,*(W + tfi + *7) = e- 2 -^^'^'^^,^). 

Moreover, F^ is an element of Hj^ jqM . 
Proof. We note that 

(A + £, // + 77, 0) = (£, 77, -C V + ^7 *A) o (A, /j, 0) . 

Thus we have 

E^X + £,// + t/) = 0((A + £, /J + 77, 0)) 

= 0((C,r7, -^V + ^ t A)o(A,/ J ,0)) 

= e 27r ^« tr ' +At ^^>^(A, / x). 
This proves Formula (4.10). We observe that 

[a + e, + 77, o] = (e, r7, -«ev-^*«e-r7 *o ° [\ 0] . 
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Thus we have 

f^a + e, \i + v) = 0([a + e, + ^ o]) 

_ e -27Tia{X($V+M^+»? t O} 

x e 27riCT ^^0([A,/x,O]) 
= e- 47riCT ^ t ^0([A,/i,O]) 
= e^^^i^A,//). 

This proves Formula (4.11). According to (4.11), we have 

_ e -2 7r io-{>1(A+Ofi t (A+0} 

x e- 47riCT ^ t ^F^(A, /x) 

_ e -27i-io-{A4(?n*C+2An^+2 A t t ^)} 
xe -2„ ff (MA^A)^ (Aift) 
_ e -2^ f r{>1(^ t C+2An^+2 At t O} , 

This proves Formula (4.12). Formula (4.13) follows immediately from Formula 
(4.12). Indeed, if W = AO + /j with A,jue R^), we have 

0n,*(W + £0 + r?) = F n ^(A + e,^ + ^7) 

= e -2,ri t r{M(cn*€+2(An+A.) t O} Fn ^(A,^) 
= ^^(cn^W^)}^^). 

□ 

Remark 4.2. The function $fi j( £(W) is a theta function of level 2Ai with respect 
to O if "&Q.,<f> is holomorphic. For any G 'Hm^m^ the function satisfies 
the well known transformation law of a theta function. In this sense, the lattice 
representation {ttm^mi ^M,q M ) is closely related to theta functions. 
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